There is a self-similar solution for the stability limits of long, almost cylindrical liquid bridges between equal disks subjected to both axial and lateral accelerations. The stability limits depend on only two variables; the so-called reduced axial, and lateral Bond numbers. A novel experimental setup that involved rotating a horizontal cylindrical liquid bridge about a vertical axis of rotation was designed to test the stability limits predicted by the self-similar solution. Analytical predictions compared well with both numerical and experimental results.
I. INTRODUCTION
Liquid bridges are volumes of liquid held between solids by surface tension forces. They occur in both natural and technological situations and have been studied for practical reasons and for basic scientific interest. In this article we consider the stability of a cylindrical liquid bridge to nonaxial acceleration. The bridge consists of an isothermal drop of liquid held by surface tension forces between two parallel, coaxial, solid disks of the same diameter as shown in Fig. 1 . The equilibrium interface shape, rϭF(z,), of such a liquid bridge configuration is determined by the following dimensionless parameters: the slenderness, ⌳ϭL/(2R), the axial Bond number, B a ϭ⌬a a R 2 /, and the lateral Bond number, B l ϭ⌬a l R 2 /, and a dimensionless volume V ϭV*/(R 2 L) defined as the ratio of the actual volume V* to the volume of a cylinder of the same length and diameter. Here L and R are the distance between the disks and the disk radius, respectively. The difference between the density of the liquid and the density of the surrounding medium is ⌬, a a , and a l , are the axial and lateral components of the acceleration acting on the liquid, as indicated in Fig. 1 , and is the surface or interfacial tension. In this article, our analysis is restricted to bridges with volumes close to Vϭ1 ͑cylindri-cal volumes͒.
The stability of a liquid bridge with a cylindrical volume depends on the values of the slenderness and the nature of the imposed perturbation. Equilibrium shapes and stability limits of capillary liquid bridges have been investigated theoretically and experimentally for some time, and there is an extensive body of literature dealing with such fluid configurations ͑see, for example, Ref. 1͒. However, most of the published articles deal with axisymmetric liquid bridges ͑in which the direction of the acceleration is parallel to the liquid bridge axis, that is B l ϭ0), and, apart from the earlier work of Coriell, Hardy, and Cordes, 2 nonaxisymmetric liquid bridges have been considered only recently. An asymptotic analysis concerning the influence of lateral Bond number on the stability limit of liquid bridges having cylindrical volume (Vϭ1) was published by Perales. 3 The combined effect of nonaxial acceleration, in the form of a lateral Bond number and noncoaxial supporting disks on the stability limit of cylindrical volume liquid bridges was analyzed both analytically and experimentally in Ref. 4 . More recently the equilibrium shapes and stability limits of nonaxisymmetric liquid bridges were examined [5] [6] [7] [8] [9] and nonaxisymmetric configurations appear in an experimental work which explores the use of liquid bridges as accelerometers. 10 An asymptotic analysis of the stability limits of liquid bridges was conducted by Meseguer et al. 4 According to their results, for a liquid bridge between equal coaxial disks, close to the cylindrical volume and subjected to both axial and lateral Bond numbers, the maximum stable slenderness, ⌳ max , becomes:
͑1͒
where vϭVϪ1. This expression can be written in a more compact form by introducing reduced axial and lateral Bond numbers defined as follows:
where ϭ1Ϫ⌳ max /ϩv/2. Substituting the above expressions in Eq. ͑1͒ yields
.
͑4͒
This seems to indicate that, at least close to the reference configuration ͑⌳→, v→0, B a →0, B l →0), there is a selfsimilar solution for the stability limits of liquid bridges. That is, the stability limit is independent of the slenderness, ⌳ or volume, V. The range of validity of Eq. ͑4͒ was investigated through a set of experiments and through numerical calculations. The stability limits of liquid bridges subjected to both axial and lateral Bond numbers have been obtained and compared to ͑4͒. It is implicit in ͑4͒ that the Bond numbers are small. Since Bϭ⌬aR 2 /, it can be made small by reducing the acceleration, a, acting on the liquid column. This can be achieved in a free-fall experiment ͑for example in a drop tower, on aircraft flying parabolic flight trajectories, in sounding rockets, and on low-earth orbit platforms͒. The Bond number can also be reduced by matching the densities of the working liquid and the surrounding fluid ͑the plateau or neutral buoyancy technique͒ or by using supporting disks with very small radius ͑micro-or millimetric liquid bridges͒.
The experiments described in this article were performed using an experimental facility in which the three previously mentioned effects that contribute to the magnitude of the Bond number can be, within limits, independently controlled. In this facility, the neutral buoyancy technique is employed and ⌬ is controlled by selecting the appropriate density of the surrounding fluid. Support disks of different diameters can be also used and the liquid column is mounted on a centrifuge so that the magnitude of the acceleration acting on the bridge can be adjusted by varying the rotation rate. The accelerations that must be accounted for are gravity plus the centripetal acceleration due to the solid-body rotation of the liquid bridge.
It must be pointed out that the Bond number is not constant along the liquid column. This is because the liquid bridge rotates as a solid body and the centripetal acceleration varies with the distance to the rotation axis. However, for certain conditions the effect of the Bond number gradient can be negligible as shown in the Appendix.
The range of validity of Eq. ͑4͒ was tested using a numerical approach and by laboratory experiments. Our numerical approach employed the code SURFACE EVOLVER and the results are presented in Sec. II. The experimental apparatus and results are described in Sec. III. The results are discussed in Sec. IV.
II. NUMERICAL APPROACH
The range of validity of Eq. ͑4͒ was investigated by calculating the stability of equilibrium configurations using a numerical procedure that involved solving for energyminimizing surface configurations. We considered liquid bridges with constant surface tension and held between rigid coaxial disks of radius R that are separated by a distance L and subjected to steady nonaxial acceleration represented by axial and lateral Bond numbers ͑see Fig. 1͒ . The stability limits of these bridges were obtained using the following procedure. It is assumed that the surface of the bridge is anchored to the edges of two coaxial circular disks and that the bridge volume is constant. Both lateral acceleration ͑i.e., gravity directed perpendicular to the bridge axis͒ and axial acceleration were considered. We first considered a liquid bridge of cylindrical volume, vϭVϪ1ϭ0. For this fixed volume, the objective was to find stable configurations of the bridges for both axial and lateral accelerations. To determine the location of the stability boundary for given axial and lateral Bond numbers, B a and B l , we sought the maximum stable slenderness, ⌳ max . For bridges above the stability limit defined by ⌳ max , the bridges break and no stable bridge shape is found. Below the stability boundary, the bridges maintain their integrity and reach a minimum energy configuration. Using a simple iterative search technique we were able to find the maximum stable slenderness corresponding to the stability boundary. For fixed B a and B l we selected a value of slenderness, ⌳, and computed the minimum energy configuration. If the bridge reached a minimum energy without breaking we then increased the value of ⌳ and repeated the calculations. This procedure continued until the bridge broke.
The problem was approached using the code SURFACE EVOLVER.
11 SURFACE EVOLVER seeks the shape of an energyminimizing surface subject to given boundary conditions and constraints. The surface is locally discretized using triangular elements. The vertex coordinates X of the elements are points in 3D Euclidean space and are used to parametrize the surface. SURFACE EVOLVER minimizes the energy E(X) associated with each surface element. Through evaluation of the energy gradient at a given X, SURFACE EVOLVER seeks the minimum by proceeding down the direction of the steep- est slope using either a steepest descent or a conjugate gradient method. It is often advantageous to change the type of descent method during the iterative process. At each iteration, the force on each element vertex is calculated from the local energy gradient evaluated at that vertex. This force yields the direction of motion of the element and must also account for global constraints due to boundaries or volume preservation. The actual motion is found by multiplication of the resultant force by an optimum scale factor that is calculated at each step and each element is then moved to its new location. This procedure is repeated until the total energy is minimized. We tested the ability of SURFACE EVOLVER to find the stability limits for axisymmetric bridges subject to axial acceleration. In general, it was necessary to refine the triangular mesh frequently. Each minimization generally took several hundred iterations. Energy changes of one part in 10 8 were assumed sufficient to ensure that equilibrium had been reached ͑see comments in Ref. 11͒.
The computational results for cylindrical volume bridges are listed in Table I . Here the axial Bond number B a , the lateral Bond number B l , and the maximum slenderness ⌳ max for which the liquid bridge is stable, are shown. The reduced axial and lateral Bond numbers, b a and b l , calculated with Eq. ͑2͒ and ͑3͒ are also shown in Table I . For certain cases ͑indicated in the tables͒ calculations were carried out for situations with an axial gradient in the Bond number corresponding to the centrifuge-type rotation used in the experiments described in the next section and in the Appendix.
Points that represent the limits of stable liquid bridges, computed with SURFACE EVOLVER, are plotted in Fig. 2͑a͒ , together with the predictions of Eq. ͑4͒. In this case, the agreement between numerical and theoretical results is very good. A sequence of the stable shapes calculated for the maximum stable slenderness is shown in Fig. 2͑b͒ . Table I . The solid line was obtained using Eq. ͑4͒. Points marked by numbers refer to the calculated shapes shown in Fig. 2͑b͒ . ͑b͒ Sequence of stable shapes close to the stability limit calculated for the maximum stable slenderness using SURFACE EVOLVER. The numbers correspond to the numbered points in (b a , b l )-space shown in Fig. 2͑a͒ . Tables II-IV . These results are plotted in Fig. 3 together with the theoretical results. For liquid bridges with relative volumes as large as Vϭ1.2 the agreement between numerical and theoretical results is good. For larger volumes, the ability of Eq. ͑4͒ to predict the stability limit deteriorates. For a limited number of calculations carried out for volumes less than 1, the reliability of Eq. ͑4͒ deteriorated for VϽ0.9.
III. APPARATUS AND EXPERIMENTAL RESULTS
To perform the experiments described in the following, an experimental facility, as sketched in Fig. 4 , has been used. The apparatus consists of a liquid bridge cell mounted on a horizontal, rotating platform. The platform can rotate at any prescribed angular velocity within the range 0-1.05 rad.s Ϫ1 ͑0-10 rpm͒ with an accuracy of Ϯ2ϫ10 Ϫ3 rad.s Ϫ1 ͑Ϯ0.02 rpm͒. The rotating platform is a metallic beam 1.5 m in radius, mounted on a support structure where the control electronics and the electric motor used to rotate the beam are located.
Experiments were performed using the so-called neutral buoyancy or plateau technique. Here the liquid column is formed inside another immiscible liquid ͑a surrounding bath͒. For neutral buoyancy the bath liquid has practically the same density as the bridge liquid. The bath density ͑and, thus, the Bond number͒ can be changed by adjusting the composition of the bath liquid.
The Liquid Bridge Cell ͑LBC͒, where the liquid bridge is formed, is a tight chamber connected to a calibrated syringe. The LBC test chamber is a 0.04 mϫ0.04 mϫ0.04 m aluminum cube, with two opposite faces made of a transparent, plastic material. This allows visualization of the liquid bridge. The liquid bridge is formed between two equal disks 0.01 m in diameter. One of the disks is connected to the piston of the syringe and can be displaced along its axis by using a micrometer screw. The remaining disk is fixed to the opposite side of the test chamber such that both disks remain in coaxial alignment whatever their separation distance. Liquid is injected and removed from the liquid bridge through a hole in the center of the moving disk which connects it with the syringe. The diameter of the syringe is equal to the diameter of the disks and the moving disk is mounted at one end of the piston syringe. Thus, the amount of liquid injected or removed when the disk is displaced causes the volume of the liquid column to be cylindrical within 0.1% accuracy ͓Vϭ(1Ϯ0.001)2⌳͔ regardless of the distance separating the disks.
Two quick-disconnect valves are used to fill the test chamber with the surrounding liquid. LBC as well as the illumination system and a Charge Coupled Device ͑CCD͒ video camera are mounted on a plate, which in turn is mounted on the rotating platform. The liquid bridge axis is horizontal and perpendicular to the axis of rotation. The CCD camera is connected to a small television ͑TV͒ transmitter which sends signals to a TV receiver placed a few meters away at the control station.
In each experiment, the experimental procedure went as follows: first, the moving disk is axially displaced until it becomes very close to the lower one. Then the test chamber of the liquid bridge cell is filled with the surrounding bath of the desired density. A small liquid bridge that fills the gap between both disks is formed. There are four liquid bridge cells, and the above operation is repeated for each one. The LBC is mounted on the plate, with Z* being the distance between the rotation axis and the center of the LBC. The moving disk is displaced axially until the prescribed slenderness is reached. Working liquid is simultaneously injected into the liquid bridge to keep its volume cylindrical ͑i.e., v ϭ0) as the distance between the disks increases. Once the CCD camera and the TV transmitter are switched on, the rotating platform is rotated at a very low rate and the rotation velocity is slowly increased until the liquid column breaks. The rotating platform is then stopped. The LBC is replaced, a new liquid bridge with the desired slenderness is formed, and the entire process is repeated.
Note that, when the platform is set into rotation at an angular velocity , the accelerations acting on the liquid column include gravity as well as the centrifugal acceleration. Thus, the axial and lateral Bond numbers are: B a ϭ⌬ 2 Z*R 2 / and B l ϭ⌬gR 2 /, respectively. It must be pointed out that formally, the axial Bond number is not constant along the liquid bridge. It varies linearly with the distance to the axis of rotation. However, for some practical situations, this linear effect is negligible, as demonstrated in the Appendix.
All experiments were performed at a temperature of 25 Ϯ1°C. The density of the working liquid ͑dimethyl-silicone oil POLISIL M50͒, wl , at this temperature is Ϫ3 ͑note that, since the LBC test chamber is tight, no alcohol evaporation occurs and the surrounding bath density is constant for the duration of the experiment͒.
To calculate the value of the interfacial tension between the bridge liquid and the surrounding bath, the same procedure explained in Meseguer et al. 10 was used. For each value of the surrounding bath density, different slenderness liquid bridges with vertical axes were formed. The deformation of the liquid bridge interface depends on the value of the Bond number. Thus, by fitting a second-order approximation of the liquid bridge interface to the experimental liquid bridge contours, the value of the Bond number, B a , is obtained. The value of the interfacial tension is then obtained indirectly: ϭ⌬gR 2 /B a , where ⌬ϭ sb Ϫ wl and g is the gravity acceleration (gϭ9.81 m.s Ϫ2 ). The results obtained, vs. ⌬, are shown in Table V . The value of the interfacial tension varies as the surrounding bath density varies, because the ratio of alcohol to water of the mixture changes. To test whether sedimentation of the surrounding bath occurs during centrifugation, interfacial tension measurements were made after centrifugation of a stable liquid bridge for a few cases. The tests were carried out under the same conditions as the stability tests. The measured values of interfacial tension were found to be the same.
Experimental results obtained by using different distances to the rotation axis (Z* varies from 0.3 to 1.2 m͒ are listed in Table VI . The maximum slenderness, ⌳ max , the lateral Bond number, B l ϭ⌬gR 2 /, and the axial Bond number, B a ϭ⌬ 2 Z*R 2 /, are given. ͑Here is the maximum rotation velocity for which the liquid bridge is stable.͒ The reduced axial and lateral Bond numbers, b a and b l , given by Eqs. ͑2͒ and ͑3͒ are also shown in Table VI .
The variation with the reduced axial Bond number of the reduced lateral Bond number that results from expression ͑4͒, as well as experimental and numerical results, has been represented in Fig. 5 . As it can be observed, at least in the case of cylindrical liquid bridges, the agreement between experimental and theoretical results is good. There is, however, an experimental point (b a ϭ0.883, b l ϭ0.019) which lies far from the theoretical prediction. The reason for this discrepancy could be that this point was obtained at a higher rotation speed. At this very high rotation velocity some spurious vibration of the rotating arm was observed, and it is probable that this vibration caused breakage of the liquid column before the static stability limit was reached.
IV. CONCLUSIONS
An experimental and computational study of the stability of liquid bridges between equal disks has been performed. The study focused on determining the range of validity of a self-similar solution for the stability limits of slender liquid bridges subject to steady nonaxisymmetric acceleration. In addition to the results described in Sec. II, we carried out computations using the same values of B a and B l as the experimental ones and obtained the maximum stable slenderness. The solution appears to a reasonable approximation for dimensionless volumes VϭV*/(R 2 L) that are close to a cylindrical volume (Vϭ1).
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APPENDIX: EFFECT OF BOND NUMBER GRADIENT ON ⌳ max
Let us assume a liquid bridge of cylindrical volume, V*ϭR 2 L, placed between two equal, coaxial, parallel disks, R being the radius of the disks and L the distance between them. The liquid bridge, as sketched in Fig. 6 , is rotating as a solid body with angular velocity . The rotation axis is parallel to the local gravity vector. Both axes the liquid bridge and the rotation axis are perpendicular and have a common point O. Let Z* be the distance between the axis of rotation and the center of the liquid column, where the local coordinate axes (z*, r*, ͒ are located.
The equation defining the shape of the interface of the liquid bridge, F*ϭF*(z*,), must express the balance between capillary and hydrostatic forces: 
